The key ingredient of this paper is the universal central extension of the generalized orthosymplectic Lie superalgebra osp m|2n (R, − ) coordinatized by a unital associative superalgebra (R, − ) with superinvolution. Such a universal central extension will be constructed via a Steinberg orthosymplectic Lie superalgebra coordinated by (R, − ). The research on the universal central extension of osp m|2n (R, − ) will yield an identification between the second homology group of the generalized orthosymplectic Lie superalgebra osp m|2n (R, − ) and the first Z/2Z-graded skew-dihedral homology group of (R, − ) for (m, n) = (2, 1), (1, 1). The universal central extensions of osp 2|2 (R, − ) and osp 1|2 (R, − ) will also be treated separately.
Introduction
Central extension theory is of vital importance in the study of Lie algebras and Lie superalgebras, which has attracted the attentions from mathematicians and physicist in recent decades (see [15] and [17] for a survey). In recent paper [3] , the authors determined the universal central extensions of generalized periplectic Lie superalgebras and established a connection between the second homology group of a generalized periplectic Lie superalgebra and the dihedral group of its coordinate algebra with certain superinvolution. The current paper is devoted to study the universal central extensions of the generalized orthosymplectic Lie superalgebras coordinatized by unital associative superalgebras with superinvolution, which form another family of Lie superalgebras determined by superinvolutions.
Let k be a unital commutative ring with 2 invertible and R an associative k-superalgebra. We consider the associative superalgebra M m|2n (R) of (m + 2n) × (m + 2n)-matrices, in which the degree of the matrix unit e ij (a) is |e ij (a)| := |i| + |j| + |a| for a homogeneous element a ∈ R of degree |a| and 1 i, j m + 2n with the parity given by |i| := 0, if i m, 1, if i > m.
(1.1)
Analogous to the generalized periplectic Lie superalgebra discussed in [3] , we further assume that the associative superalgebra R is equipped with a superinvolution, which is a k-linear map − : R → R preserving the Z/2Z-gradings and satisfying
for homogeneous a, b ∈ R. In this situation, the associative superalgebra M m|2n (R) possesses the generalized orthosymplectic superinvolution given by for homogeneous a ∈ R, ρ(A) denotes the matrix (ρ(a ij )) and A = (a ij ) for A = (a ij ). The generalized orthosymplectic superinvolution determines a Lie superalgebra over k: Generalized orthosymplectic Lie superalgebras realize many important finite-dimensional or infinite-dimensional Lie superalgebras when (R, − ) varies. Their universal central extensions have been studied separately by many mathematicians. In the especial case where the base ring k is the field C of complex numbers, we view C as an associative superalgebra with zero odd part and identity map is a superinvolution on C. Then the above realization of a generalized orthosymplectic Lie superalgebra exactly gives the ordinary orthosymplectic Lie superalgebra osp m|2n (C) as decribed in [12] , which provides us with the finite-dimensional simple complex Lie superalgebras of type B(m, n), C(n) and D(m, n). The universal central extensions of these simple Lie superalgebras have been given in [6] .
If R is a unital super-commutative associative algebra over an arbitrary base ring k with 2 invertible, we will see in Section 2 that identity map is a superinvolution on R and osp m|2n (R, id) is isomorphic to the Lie superalgebra osp m|2n (k) ⊗ k R. These Lie superalgebras have been demonstrated to be crucial in root graded Lie superalgebras of type C(n) and D(m, n) (c.f. [1, 2] ). Under the assumption that R is super-commutative, the Lie superalgebra osp m|2n (k) ⊗ k R has also been interpreted using the language of bilinear forms in [7] . The universal central extensions and second homology groups of these Lie superalgebras have been completely determined in [10] and [11] .
For a unital associative superalgebra R that is not necessarily super-commutative, the generalized orthosymplectic Lie superalgebras osp m|2n (R, − ) also realize a series of important objects in Lie theory. For instance, an arbitrary unital associative superalgebra S and its opposite superalgebra S op give rise to a new associative superalgebra S ⊕ S op , on which the k-linear map ex : S ⊕ S op → S ⊕ S op that exchanges the two direct summands is a superinvolution. We will see in Section 2 that the generalized orthosymplectic Lie superalgebra osp m|2n (S ⊕ S op , ex) is isomorphic to the special linear Lie superalgebra sl m|2n (S), that is the derived sub-superalgebra of the Lie superalgebra gl m|2n (S) of all (m + 2n) × (m + 2n)-matrices with entries in S. Recent research [5] on the universal central extension of the special linear Lie superalgebra sl m|n (S)
1 yielded the notion of Steinberg Lie superalgebras coordinatized by S and established the connection between the second homology group of sl m|n (S) and the first Z/2Z-graded cyclic homology group of S. This indeed a super-version generalization of the remarkable results about the universal central extension of the Lie algebra sl n (S) given in [13] .
A generalized orthosymplectic Lie superalgebra coordinatized by a unital associative superalgebra with superinvolution can also be regarded as a generalization of an elementary unitary Lie algebra coordinatized by a unital associative algebra with anti-involution. In the case of n = 0, osp m|0 (R, − ) is indeed an elementary unitary Lie algebra in the sense of [9] provided that R is a unital associative algebra (that is viewed as an associative superalgebra with zero odd part). For m 5, the universal central extensions of these elementary unitary Lie algebras have been demonstrated to be the Steinberg unitary Lie algebras, which leads to the identification between the second homology group of an elementary unitary Lie algebra and the first skew-dihedral homology group of its coordinates algebras for m 5 [9] . The Steinberg unitary Lie algebras have also been successfully used in the study of the compact forms of certain intersection matrix algebras of Slodowy [8] .
Our primary aim in this paper is to explicitly characterize the universal central extensions of the generalized orthosymplectic Lie superalgebras osp m|2n (R, − ) for positive integers m and n. We will work under a quite general setting that k is a unital commutative associative ring with 2 invertible and (R, − ) is an arbitrary unital associative k-superalgebra with superinvolution. Our aim will be achieved via introducing the notion of Steinberg orthosymplectic Lie superalgebra sto m|2n (R, − ) coordinatized by (R, − ) (See Section 3). Then, we will prove in Section 4 that the canonical homomorphism ψ : sto m|2n (R, − ) → osp m|2n (R, − ) is a central extension for (m, n) = (1, 1), whose kernel is identified with the first Z/2Z-graded skew-dihedral homology group HD − 1 (R, − ) as described in [3] . As will be stated in Section 5, the central extension ψ : sto m|2n (R, − ) → osp m|2n (R, − ) turns out to be universal for (m, n) = (2, 1), (1, 1) . The cases of osp 2|2 (R, − ) and osp 1|2 (R, − ) are exceptional. We will provide a concrete construction for the universal central extension of osp 2|2 (R, − ) under certain assumption in Section 6. Finally, the universal central extension of osp 1|2 (R, − ) will be obtained in Section 7. It yields an interesting result that the second homology group of the Lie superalgebra osp 1|2 (R, − ) for an arbitrary (R, − ) can be explicitly characterized using a modified version of the first Z/2Z-graded skew-dihedral homology group.
In summary, our results encompass explicit characterizations of the universal central extensions of osp m|2n (R, − ) for (m, n) = (2, 1) and (R, − ) an arbitrary associative superalgebra with superinvolution (see Theorem 5.3 and Theorem 7.12), as well as the universal central extension of osp 2|2 (R, − ) for (R, − ) satisfying certain assumption (see Theorem 6.6). Consequently, we reveal the second homology groups of all these Lie superalgebras (see Corollaries 5.4, 6.7 and 7.13). Our results recover the consequences about the universal central extensions of the Lie superalgebras osp m|2n (C), osp m|2n (k) ⊗ k R for a unital supercommutative associative superalgerba R and sl m|2n (S) for a unital associative superalgebra S, which have been separately obtained in [6] , [10] and [5] .
Notations and terminologies:
Throughout this paper, Z, Z + and N will denote the sets of integers, non-negative integers and positive integers, respectively. k always denotes a unital commutative associative base ring with 2 invertible. All modules, associative (super)algebras and Lie (super)algebras are assumed to be over k.
We always write Z/2Z = {0, 1}. For an element x of an associative or Lie superalgebra, we use |x| to denote the degree of |x| with respect to the Z/2Z-grading.
Let R be an associative superalgebra. Then M m (R), M m|n (R) and M m×n (R) will denote the associative algebra of all m × m-matrices with entries in R, the associative superalgebra of all (m + n) × (m + n)-matrices with entries in R and the set of all m × n-matrices with entries in R, respectively. The notation e ij (a) means the matrix with a at the (i, j)-position and 0 elsewhere.
Given an associative superalgebra (R, − ) with superinvolution, we set
Note that 2 is invertible in k, we know that R = R + ⊕ R − as k-modules. For an element a ∈ R, we denote a ± := a ±ā ∈ R ± .
Basics on generalized orthosymplectic Lie superalgebras
In this section, we will discuss the perfectness and generators of the generalized orthosymplectic Lie superalgebra osp m|2n (R, − ) coordinatized by an associative superalgebra (R, − ) with superinvolution. The consequences will be used in our discussion on Steinberg orthosymplectic Lie superalgebras and central extensions of osp m|2n (R, − ) later. It is easy to observe from the definition (1.5) that every element of osp m|2n (R, − ) is of the form
The generalized orthosymplectic Lie superalgebra osp m|2n (R, − ) is the derived Lie sub-superalgebra of the Lie superalgebra osp m|2n (R, − ), i.e.,
Before proving the properties of osp m|2n (R, − ), we first give a few examples:
Example 2.1. Let R be a unital super-commutative associative superalgebra on which the identity map is a superinvolution. Then
for m, n ∈ Z + with m + n 1.
Proof. Under the assumption that R is super-commutative, an isomorphism from osp m|2n (k) ⊗ k R onto osp m|2n (R, id) can be given as follows:
(e ij − e ji ) ⊗ a → e ij (a) − e ji (a), (e m+k,m+l − e m+n+l,m+n+k ) ⊗ a → e m+k,m+l (ρ(a)) − e m+n+l,m+n+k (ρ(a)), (e m+k,m+n+l + e m+l,m+n+k ) ⊗ a → e m+k,m+n+l (ρ(a)) + e m+l,m+n+k (ρ(a)), (e m+n+k,m+l + e m+n+l,m+k ) ⊗ a → e m+n+k,m+l (ρ(a)) + e m+n+l,m+k (ρ(a)), (e i,m+k + e m+n+k,i ) ⊗ a → e i,m+k (ρ(a)) + e m+n+k,i (a), (e m+k,i − e i,m+n+k ) ⊗ a → e m+k,i (a) − e i,m+n+k (ρ(a)), where ρ is the k-linear map given by (1.4). Example 2.2. Let S be an arbitrary unital associative superalgebra and S op be the opposite superalgebra of S with the multilication
for homogeneous a, b ∈ S. Then the associative superalgebra S ⊕ S op is naturally equipped with the superinvolution ex :
In this situation, the generalized orthosymplectic Lie superalgebra osp m|2n (S ⊕ S op , ex) is isomorphic to the Lie superalgebra sl m|2n (S) for m, n ∈ Z + with m + n 1.
Proof. Indeed, there is an isomorphism from the Lie superalgebra gl m|2n (S) to the Lie superalgebra osp m|2n (S ⊕ S op , ex) given as follows:
for a ∈ S and 1 i, j m, 1 k, l n. It further yields that osp m|2n (S ⊕ S op , ex) is isomorphic to sl m|2n (S). Example 2.3. Suppose that the base ring k is an algebraically closed field of characteristic zero. Then the associative superalgebra M l|l (k) for l ∈ N has the periplectic superinvolution given by
The generalized orthosymplectic Lie superalgebra osp m|2n (M l|l (k), prp) is isomorphic to the ordinary periplectic Lie superlagebra p (m+2n)l (k) that is the derived Lie sub-superalgebra of
Proof. We first deduce from [3] that the associative superalgebra M m|2n (M l|l (k)) is isomorphic to the associative superalgebra M (m+2n)l|(m+2n)l (k). Hence, the orthosymplectic superinvolution σ on M m|2n (M l|l (k)) induces an superinvolutionσ on M (m+n)l|(m+n)l (k). We first claim thatσ is equivalent 2 to the periplectic superinvolution on M (m+2n)l|(m+2n)l (k). By [16, Propositions 13 and 14] , it suffices to show that the even part M (m+2n)l|(m+2n)l (k) 0 has no nonzero proper two-sided ideal that is invariant underσ, or equivalently, the even part M m|2n (M l|l (k)) 0 has no nonzero proper two-sided ideal that is invariant under σ.
The k-module M m|2n (M l|l (k)) 0 is spanned by:
Two superinvolution σ 1 and σ 2 on a given associative superalgebra R are said to be equivalent if there is an automorphism of superalgebras ϕ : 
Moreover, both A and B are isomorphic to M (m+2n)l (k) as associative algebras and σ(A) = B. It follows that
as associative superalgebras with superinvolution. Hence, the superinvolutionσ on the associative superalgebra M (m+2n)l|(m+2n)l (k) is equivalent to the periplectic superinvolution, which proves the claim. Now, we conclude from the claim that
which yields the desired isomorphism.
Example 2.4. Suppose that the base ring k is an algebraically closed field of characteristic zero. Then the associative superalgebra M k|2l (k) for k, l ∈ Z + with k + l 1 possesses the orthosymplectic superinvolution. In this situation, the generalized orthosymplectic Lie superalgebra osp m|2n (M k|2l (k), osp) is isomorphic to osp (mk+4nl)|2(nk+ml) (k) for m, n ∈ Z + with m + n 1.
Proof. The proof is similar to Example 2.3. Let σ be the orthosymplectic superinvolution on M m|2n (M k|2l (k)) defined by (1.3). It induces a superinvolution σ on M (mk+4nl)|2(ml+nk) (k). We will show that σ is equivalent to the orthosymplectic superinvolution on M (mk+4nl)|2(ml+nk) (k). It suffices to show that the even part M m|2n (M k|2l (k)) 0 has a nonzero proper two-sided ideal that is invariant under σ [16, Propositions 13 and 14] .
Let A be the k-submodule of M m|2n (M k|2l (k)) 0 spanned by
Then both A and B are two-sided ideals of M m|2n (M k|2l (k)) 0 that are invariant under σ. We also observe that M m|2n (M k|2l (k)) 0 = A ⊕ B. Furthermore, under the isomorphism between the associative superalgebras M m|2n (M k|2l (k)) and M (mk+4nl)|2(ml+nk) (k), we have A ∼ = M mk+4nl (k) on which the restriction of σ is of the orthogonal type, and B ∼ = M 2(ml+nk) (k) on which the restriction of σ is of the symplectic type. Hence, σ is equivalent to the orthosymplectic superinvolution on M (mk+4nl)|2(nk+ml) (k), which implies that
and their derived Lie sub-superalgebras are also isomorphic.
The rest of this section will be devoted to prove the perfectness of osp m|2n (R, − ) for an arbitrary unital associative superalgebra (R, − ) with superinvolution and to calculate the generators of osp m|2n (R, − ). We introduce the following notation:
u kl (a) : = e m+k,m+l (a) − e m+n+l,m+n+k (ā), v kl (a) : = e m+k,m+n+l (a) + e m+l,m+n+k (ā),
where a ∈ R, 1 i, j m and 1 k, l n. These elements will serve as generators of osp m|2n (R, − ). We first provide an explicit description for elements of osp m|2n (R, − ).
Lemma 2.5. Let m, n ∈ N and (R, − ) be a unital associative superalgebra with superinvolution. Then every element x ∈ osp m|2n (R, − ) is written as
Proof. The first statement is obvious. We now show that x ∈ osp m|2n (R,
where
Hence, all items except e 11 (a) appeared in the decomposition (2.3) of x are contained in the derived Lie superalgebra osp m|2n (R, − ). The problem is reduced to proving that e 11 (a) ∈
which yields that e 11 (a) ∈ osp m|2n (R, − ) since 2 is invertible in R. Conversely, we define a k-linear map
Then it is directly verified that ε(x) ∈ [R, R] ∩ R − for every element x ∈ osp m|2n (R, − ). Hence, e 11 (a) ∈ osp m|2n (R, − ) implies that ε(e 11 (a)) = a ∈ [R, R] ∩ R − . This completes the proof. Now, we may proceed to state and prove the main proposition in this section.
Proposition 2.6. Let m, n ∈ N and (R, − ) a unital associative superalgebra with superinvolution.
(i) There is an exact sequence of Lie superalgebras
(ii) The Lie superalgebra osp m|2n (R, − ) is the Lie sub-superalgebra of gl m|2n (R) generated by
(iii) The Lie superalgebra osp m|2n (R, − ) is perfect, i.e.,
Proof. (i) We consider the surjective k-linear map:
where ε is the k-linear map defined in (2.14). It follows from Lemma 2.5 that osp m|2n (R, − ) = ker(ε). Hence, we obtain an exact sequence of k-modules:
in which all k-linear maps are homomorphisms of Lie superalgebras since R − /([R, R] ∩ R − ) is a super-commutative Lie superalgebra. Hence, it is an exact sequence of Lie superalgebras.
(ii) Let x ∈ osp m|2n (R, − ). It follows from Lemma 2.5 that x is written as
Thus, we deduce from (2.4)-(2.7) that x − e 11 (a) is generated by
This proves (ii).
(iii) By (ii), the Lie superalgebra osp m|2n (R, − ) is the Lie sub-superalgebra of gl m|2n (R) gen-
′ , i, j m with i = j and 1 k ′ , k, l n with k = l. Hence, it suffices to show that these generators are contained in the derived superalgebra [osp m|2n (R,
. . , n, and hence
for a ∈ R, 1 i m and 1 k n. This proves (iii).
Steinberg orthosymplectic Lie superalgebras
We will introduce Steinberg orthosymplectic Lie superalgebras coordinatized by a unital associative superalgebra (R, − ) with superinvolution in this section. It will play crucial role in the study of central extensions of the Lie superalgebra osp m|2n (R, − ).
Definition 3.1. Let m, n ∈ N and (R, − ) be a unital associative superalgebra over k with superinvolution. The Steinberg orthosymplectic Lie superalgebra coordinatized by (R, − ), denoted by sto m|2n (R, − ), is the abstract Lie superalgebra generated by homogenous elements t ij (a), u kl (a), v kl (a), w kl (a) of degree |a| and homogeneous elements f i ′ k ′ (a), g k ′ i ′ (a) of degree 1 + |a| for homogeneous a ∈ R, 1 i ′ , i, j m with i = j and 1 k ′ , k, l n with k = l. The defining relations for sto m|2n (R, − ) are given as follows:
where a, b ∈ R are homogeneous, 1 i, j, i
Recall from Proposition 2.6 that the Lie superalgebra osp m|2n (R, − ) has a family of generators
, where a ∈ R is homogeneous, 1 i ′ , i, j m with i = j and 1 k ′ , k, l n with k = l. These generators essentially satisfy all the relations (STO00)-(STO28). Hence, there is a canonical epimorphism of Lie superalgebras
such that
for a ∈ R, 1 i ′ , i, j m with i = j and 1 k ′ , k, l n with k = l. Our primary aim is to show that (3.1) is a central extension if (m, n) = (1, 1) and to further describe the universal central extension of osp m|2n (R, − ) for m, n ∈ N. In this section, we first prove the perfectness of sto m|2n (R, − ) and give a decomposition of sto m|2n (R, − ).
Proof. The Lie superalgebra sto m|2n (R,
The generalized orthosymplectic Lie superalgebra osp m|2n (R, − ) is a Lie sub-superalgebra of gl m|2n (R). Hence, it is decomposed as a direct sum of k-modules:
where osp
In order to figure out a similar decomposition for sto m|2n (R, − ), we denote the following elements of sto m|2n (R, − ) for m, n ∈ N:
where a, b ∈ R, 1 i m and 1 k n. Using the relations (STO01)-(STO28), we may deduce the following Lemmas 3.3, 3.4 and 3.5 through direct computation.
Lemma 3.3. The following equalities hold in the Lie superalgebra sto m|2n (R, − ) for m, n ∈ N:
where a, b, c ∈ R are homogeneous, 1 i, j, j
for homogeneous a, b, c ∈ R, 1 i m and 1 k n.
Lemma 3.4. In the Lie superalgebra sto m|2n (R, − ) with (m, n) = (1, 1), we have
for a ∈ R and 1 k n. Moreover, the following equalities hold:
where a, b ∈ R are homogeneous, 1 i m and 1 k, l, l ′ n.
Lemma 3.5. The following equalities hold in sto m|2n (R, − ) with (m, n) = (1, 1):
where a, b ∈ R are homogeneous.
Based on the lemmas above, we obtain the following decomposition of sto m|2n (R, − ): 1) . The Lie superalgebra sto m|2n (R, − ) is decomposed as the following direct sum of k-modules:
where sto
and g ki (a) with a ∈ R, 1 i = j m and 1 k = l n. They satisfy
Proof. From Lemma 3.3, we deduce that sto
Note that sto
is not a Lie sub-superalgebra of sto m|2n (R, − ). Nonetheless, we may also deduce from Definition 3.1, Lemmas 3.4 and 3.5 that
Since all generators of sto m|2n (R, − ) are contained in sto
We next show that the above summation is a direct sum of k-modules. Let 0 = x 0 + x 1 be a decomposition of 0 with respect to (3.3), then
is a decomposition of 0 in osp m|2n (R, − ), where ψ(x 0 ) is a diagonal matrix and ψ(x 1 ) is a matrix with 0 diagonal. Hence, ψ(
is injective, we further deduce that x 1 = 0. This shows the summation in (3.3) is a direct sum.
To conclude this section, we consider the Lie superalgebra sto m|2n (R, − ) in the situation where the associative superalgebra (R, − ) is specified to (S ⊕ S op , ex) for an arbitrary unital associative superalgebra S. Proposition 3.7. Let m, n ∈ N such that (m, n) = (1, 1) and S an arbitrary unital associative superalgebra. Then
where st m|2n (S) is the Steinberg Lie superalgebra coordinatized by S [3] and [5] .
Proof. The proof is similar to [3, Proposition 5.7] . Recall that the Steinberg Lie superalgebra st m|2n (S) is the abstract Lie superalgebra generated by homogeneous elements e ij (a) of degree |i| + |j| + |a| for a ∈ R and 1 i = j m + 2n, subjecting to the relations:
[e ij (a), e jk (b)] = e ik (ab),
where a, b ∈ R and 1 i, j, k, l m + n. We may define a homomorphism φ :
where a ∈ S, 1 i ′ , i, j m with i = j and 1 k ′ , k, l n with k = l. It is an isomorphism since it has an inverse φ
for a, b ∈ S, 1 i ′ , i, j m with i = j and 1 k ′ , k, l n with k = l.
4 Central extensions of osp m|2n (R, − ) with (m, n) = (1, 1)
Given a unital associative superalgebra with superinvolution (R, − ), we have introduced the Steinberg orthosymplectic Lie superalgebra sto m|2n (R, − ) coordinatized by (R, − ) and obtained the canonical homomorphism ψ : sto m|2n (R, − ) → osp m|2n (R, − ). This section serves for proving that ψ : sto m|2n (R, − ) → osp m|2n (R, − ) is a central extension and describing the ker ψ.
is a central extension and ker ψ ⊆ sto
Proof. Let x ∈ ker ψ. We will show that x ∈ sto 0 m|2n (R, − ) and then prove that x is contained in the center of sto m|2n (R, − ). Recall that x is decomposed as x = x 0 + x 1 with respect to the decomposition (3.2). Hence,
in osp m|2n (R, − ). Since ψ(x 0 ) is a diagonal matrix and ψ(x 1 ) is a matrix with 0 diagonal, it follows that ψ(x 0 ) = ψ(x 1 ) = 0. We have known from Proposition 3.6 that ψ| sto 1
m|2n
(R, − ) is injective. It follows that x 1 = 0, and hence
Next, we will show that x is contained in the center of sto m|2n (R, − ). It suffices to show that adx annihilates a complete family of generators of sto m|2n (R, − ), i.e.,
are zero for all a ∈ R, 1 i ′ , i, j m with i = j and 1 k ′ , k, l n with k = l. Since
and x ∈ sto 0 m|2n (R, − ), we deduce that every element in (4.1) is contained in sto 1 m|2n (R, − ). On the other hand, all elements in (4.1) are killed by ψ since ψ(x) = 0. Therefore, we conclude that all elements in (4.1) are zero since ψ| sto 1 m|2n (R, − ) is injective. It follows that x is contained in the center of sto m|2n (R, − ) and thus ψ :
The remaining part of this section is devoted to explicitly describe ker ψ. We will show that ker ψ can be identified with the first Z/2Z-graded skew-dihedral homology HD
where R, R
|a||b| b ⊗ a and (−1) |a||c| ab ⊗ c + (−1) |a||b| bc ⊗ a + (−1) |b||c| ca ⊗ b for homogeneous a, b, c ∈ R. Then we have:
In order to prove this proposition, we need a fine characterization for elements of the subalgebra sto 0 m|2n (R, − ) ⊆ sto m|2n (R, − ). We always assume (m, n) = (1, 1) in the rest of this section. Let
for homogeneous a, b ∈ R. Then we have:
where I x is a finite index set, a i , b i , c j , d k ∈ R for i ∈ I x , 1 j m and 2 k n.
Proof. Recall from Proposition 3.6 that osp
We first claim that
for homogeneous a, b ∈ R and 2 k n. It follows from the following computation:
where the second last equality follows from Lemma 3.5. Now, the claim follows and hence
is of the form (4.3) for 1 k n. For i 2, we also deduce from Lemma 3.5 that
is of the form (4.3). The lemma follows.
Using the lemma above, we may obtain a characterization of ker ψ:
Proof. It is easy to verify that ker ψ
we show the converse inclusion. Let x ∈ ker ψ. We have known from Proposition 4.1 that ker ψ ⊆ sto 0 m|2n (R, − ). It follows from Lemma 4.3 that
where I x is a finite index set, a i , b i , c j , d k ∈ R for i ∈ I x , 1 j m and 2 k n. We deduce from x ∈ ker ψ that
which yields thatc j = c j for j = 2, . . . , m and
Since c =c, we have t 1i (c) = −t i1 (c) = −t i1 (c). Hence, Lemma 3.5 also implies that
which yields that c) . The claim follows since 1 2 ∈ k. Return to the proof of the lemma. Since c j =c j for j = 2, . . . , m, we deduce that 
where a, b, c ∈ R are homogeneous.
Proof. We first consider the situation where n 2: (i) It follows from Lemma 3.5 that
Note that w 12 (ā) = w 21 (a) and v 12 (b) = v 21 (b), we obtained that
For (ii) and (iii), we deduce from (4.4) that
We observe that λ(1, bc) = 0 from the definition of λ(a, b). Hence, (ii) follows from the above equality by setting a = 1. Applying (ii) to the equality above, we obtain (iii). Now, we assume that m 2 and n = 1 and show that (i), (ii) and (iii) also hold in this situation. We claim that
for homogeneous a, b, c ∈ R. Indeed, this can be proved as follows:
(i) Setting a = 1 or b = 1 in (4.5), we obtain
Hence, we deduce that
For (ii) and (iii), we deduce from Lemma 3.5 that
Now, (4.5) implies that
Hence, the equality (ii) holds by setting a = 1, from which we conclude that (iii) also holds.
Remark 4.6. The equalities λ(a, 1) = λ(1, a) = 0 also hold in the Lie superalgebra sto m|2n (R, − ). Indeed, we know λ(1, a) = 0 from its definition, and λ(a, 1) = 0 follows from Lemma 4.5 (ii).
Now, we may proceed to prove Proposition 4.2
Proof of Proposition 4.2. By Lemma 4.5, there is a well-defined k-linear map
We will prove that its restriction on HD
is an isomorphism of k-modules.
We have already known from Lemma 4.4 that η( HD − 1 (R, − )) = ker ψ. In order to show that η is injective, we need define a k-bilinear map
for 1 i, j m + 2n and homogeneous a, b ∈ R. It is directly verified that α is a 2-cocycle on the Lie superalgebra gl m|2n (R), i.e., α satisfies
for homogeneous x, y, z ∈ gl m|2n (R). Hence, α induces a 2-cocycle on the Lie superalgebra osp m|2n (R, − ) through restriction. This yields a new Lie superalgebra
with the multiplication
where [x, y] denotes the multiplication in osp m|2n (R, − ). In the Lie superalgebra C, we denotẽ
for a ∈ R, 1 i ′ , i, j m with i = j and 1 k ′ , k, l n with k = l. These elements of C satisfy all relations (STO01)-(STO28). Hence, there is a canonical homomorphism of Lie superalgebras
We now compute that
Note that 1, ba
Summarizing the main results in this section, we have the following: as k-modules.
The universal central extension of osp m|2n (R, − )
In this section, we will show that the central extension ψ : sto m|2n (R, − ) → osp m|2n (R, − ) is universal for (m, n) = (1, 1), (2, 1).
Let ϕ : E → osp m|2n (R, − ) be an arbitrary central extension. For a ∈ R, 1 i ′ , i, j m with i = j and 1 k ′ , k, l n with k = l, we pick
Then [x,ŷ] is independent of the choice of the representativesx ∈ ϕ −1 (x) andŷ ∈ ϕ −1 (y) for x, y ∈ osp m|2n (R, − ). Hence, we have the following well-defined elements in E:
where a ∈ R, 1 i ′ , i, j m with i = j and 1 k ′ , k, l n with k = l.
Lemma 5.1. Suppose that m, n ∈ N. In the Lie superalgebra E, the elementst ij (a),ũ kl (a),
, where a ∈ R, 1 i ′ , i, j m with i = j and 1 k ′ , k, l n with k = l satisfy relations (STO00), (STO02)-(STO26), (STO28) and the following relation:
Remark 5.2. We should notice that (STO27a) is deferent from (STO27). Indeed, (STO27) is equivalent to (STO27a) and the following
We will see in the next section that (STO01) and (STO27b) are not necessarily true in a central extension of osp 2|2 (R, − ).
Proof of Lemma 5.1. The proof follows from a case by case verification. The computation is quite straightforward but tedious. We only show (STO05) here as an example. In order to show thatt ij (a) andũ kl (b) satisfy (STO05), we claim that
These can be directly verified as follows:
Now, we observe that [t ij (a),ũ kl (b)] ∈ ker ϕ which is contained in the center of E. Using the claim, we deduce that
which showst ij (a) andũ kl (b) for i = j and k = l satisfy (STO05).
To avoid the tedious computational details, we omit the verification for other relations here.
Theorem 5.3. Let (R, − ) be a unital associative superalgebra with superinvolution. Suppose m, n ∈ N such that (m, n) = (1, 1), (2, 1) . Then the central extension
is universal.
Proof. Let ϕ : E → osp m|2n (R, − ) be an arbitrary central extension. We have to show that there is a unique homomorphism ϕ ′ : sto m|2n (R,
, j m with i = j and 1 k ′ , k, l n with k = l as in (5.1). We have already known from Lemma 5.1 that they satisfy all relations (STO00), (STO02)-(STO26) and (STO28). Under the additional assumption that (m, n) = (1, 1), (2, 1), we will show that these elements also satisfy relations (STO01) and (STO27).
For (STO27), we have obtained (STO27a) in Lemma 5.1. It suffices to show (STO27b). Since (STO27b) is null if m = 1, we assume m 2 and 1 i = j m. We need to prove (STO27b) in the case of n 2 and the case of n = 1 separately. If n 2, we choose 1 l = k n and deduce that
which is equal tot ij (ab) when l = 1. If l = 1, the same argument shows that
If n = 1, we may assume m 3 since (m, n) = (1, 1), (2, 1) .
where the last equality follows from (STO03) that has been proved in Lemma 5.1. Hence, (STO27b) holds for (m, n) = (1, 1), (2, 1). The relation (STO01) can be proved similarly. We also assume that m 2 and 1 i = j m. We consider the case of n 2 and the case of n = 1 separately. If n 2, we havê f j2 (1),ĝ 2i (a),v 12 (ā) ∈ E and deduce that
where the last equality follows from (STO27b) that we just proved.
In the case where n = 1, we know that m 3 since (m, n) = (1, 1), (2, 1). Choose j ′ such that j ′ = i, j, then (STO01) follows from the computation as follows:
where the last equality follows from (STO03) that has been proved in Lemma 5.1.
n satisfy all relations (STO00)-(STO28). Hence, there is a homomorphism of Lie superalgebras
which contains the unique elementt ij (a) = ϕ
This shows the uniqueness of ϕ ′ and the universality of ψ follows.
Theorems 4.7 and 5.3 imply that
Remark 5.5. If R is a unital super-commutative associative superalgebra with the identity superinvolution, then the Lie superalgebra osp m|2n (R, id) is isomorphic to osp m|2n (k) ⊗ k R (see Example 2.1). Hence, (2, 1) , which coincides with the second homology groups of osp m|2n (k) ⊗ k R given in [11] .
In the situation where (R, − ) is equal to (S ⊕ S op , ex) for an arbitrary unital associative superalgebra S, we obtain the following corollary, which is part of the results proved in [5] .
Corollary 5.6. Let S be an arbitrary unital associative superalgebra. Assume that (m, n) = (1, 1) and (2, 1). Then st m|2n (S) is the universal central extension of sl m|2n (S) and
Proof. Similar to generalized periplectic Lie superalgebras, there is a commutative diagram:
where the three vertical arrows are isomorphisms given in [3, Proposition 6.6], Proposition 3.7 and Example 2.2, respectively. Hence, the lemma follows.
6 The universal central extension of osp 2|2 (R, − )
We have shown before that the central extension ψ : (2, 1) . For the Lie superalgebra osp 2|2 (R, − ), it has been proved in [14] that
is also a universal central extension provided that R is supercommutative and the superinvolution − is the identity map. However, this is not necessarily true if R is not super-commutative. This section will contribute to discuss the universal central extension of sto 2|2 (R, − ). We will first create a nontrivial central extension of sto 2|2 (R, − ) using a concrete 2-cocycle and then prove the universality of this central extension under certain assumption. It is obvious that the k-module R/([R, R]R) is a super-commutative associative superalgebra. We use π(a) to denote the canonical image of a ∈ R in R/([R, R]R). Recall that sto 2|2 (R, − ) (as a k-module) is spanned by
We define a k-bilinear map β :
and β(x, y) = 0 for all other pairs (x, y) of elements in B. Then we have 
Hence, J(x, y, z) = 0 in Case (i). Similarly, we may verify that J(x, y, z) = 0 in Cases (ii)-(viii), we omit the details here.
The 2-cocycle β gives rise to a new Lie superalgebra
on which the super-bracket is given by
, and c, c
Moreover, the canonical projection
Alternatively, the Lie superalgebra sto 2|2 (R, − ) can be defined as the abstract Lie superalgebra generated byt 12 (a),f 11 (a),f 21 (a),g 11 (a),g 12 (a) for a ∈ R together with the super-commutative Lie superalgebra R/([R, R]R), subjecting to the relations:
Now, we have obtained a nontrivial central extension ψ ′ : sto m|2n (R, − ) → sto m|2n (R, − ). In the remaining part of this section, we will show its universality under the following assumption: Assumption 6.3. Let (R, − ) be a unital associative superalgebra with superinvolution. We say that (R, − ) satisfies Assumption 6.3 if R contains a homogeneous element e such that
(ii) e is contained in the center of R, and (iii) e is a unit element.
Remark 6.4. As indicated in [9] , Assumption 6.3 is not restrictive. If R has no element a such that
is a unital associative superalgebra with the superinvolution given by
for a, b ∈ R. In this situation, R ⊗ k[ √ −1] satisfies Assumption 6.3 since one can choose e = √ −1. For another example, given a unital associative algebra S, the associative superalgebra with superinvolution (S ⊕ S op , ex) always satisfies Assumption 6.3, where e = 1 ⊕ (−1) ∈ S ⊕ S op is a required element.
Our aim is to prove the universality of the central extension
is also a central extension, the universality of ψ ′ is equivalent to the universality of
, which will be proved below.
Let (R, − ) be a unital associative superalgebra with superinvolution satisfying Assumption 6.3 and ϕ : E → osp 2|2 (R, − ) be an arbitrary central extension of osp 2|2 (R, − ). Letx ∈ ϕ −1 (x) for x ∈ osp 2|2 (R, − ) and e ∈ R an element satisfying Assumption 6.3. Then we definẽ which are all independent of the representativesx ∈ ϕ −1 (x) for x ∈ osp 2|2 (R, − ). It is directly verified thatπ(a) ∈ ker(ϕ) for a ∈ R. Moreover, we have
Proof. We denoteπ
We will show thatπ i ([R, R]R) = 0 in two steps:
• Step 1: Prove thatπ i (R + · R + · R + ) = 0 for i = 1, 2.
• Step 2: Show that [R, R]R ⊆ R + · R + · R + .
Step 1: In order to show thatπ i (R + · R + · R + ) = 0 for i = 1, 2, we claim that
for a, c ∈ R and b ∈ R + . Without loss of generality, we assume a, b, c are homogenous and set
Then we deduce that
This proves the claim. For a, b, c ∈ R + , it follows from (6.11) that
which showsπ 1 (R + · R + · R + ) = 0. We also obtainπ 2 (R + · R + · R + ) = 0 similarly.
Step 1 is completed.
Step 2: We first observe that
Now, we may proceed to prove the main theorem in this section: Theorem 6.6. Let (R, − ) be a unital associative superalgebra with superinvolution satisfying Assumption 6.3. Then the central extension
Proof. It suffices to show that the central extension
− ) be an arbitrary central extension. We have to show that there is a
Letπ(a),t 12 (a),f 11 (a),f 21 (a),g 11 (a),g 12 (a) with a ∈ R be the elements of E as defined in (6.5)-(6.10). We have already shown in Lemma 6.5 thatπ([R, R]R) = 0. In order to show the existence of a homomorphism ϕ ′ : sto 2|2 (R, − ) → E, it suffices to show that the elementst 12 (a), f 11 (a),f 21 (a),g 11 (a),g 12 (a) with a ∈ R satisfy the relations (6.1)-(6.4). It has been shown in Lemma 5.1 that these elements satisfy the relations (6.1)-(6.3). We next show that they also satisfy (6.4 Hence, for a, b ∈ R, we write b =
Furthermore, we deduce that
In summary, the elementst 12 (a),f 11 (a),f 21 (a),g 11 (a),g 12 (a) with a ∈ R satisfy relations (6.1)-(6.4). Therefore, there is a homomorphism of Lie superalgebras ϕ ′ : sto 2|2 (R,
Following the same arguments as in the proof of Theorem 5.3, such a homomorphism ϕ ′ is unique. Hence, the central extension
Summarizing Theorems 4.7 and 6.6, we obtian Corollary 6.7. Let (R, − ) be a unital associative superalgebra with superinvolution satisfying Assumption 6.3. Then
as k-modules.
In particular, if S is a unital associative superalgebra, then (S⊕S op , ex) satisfies Assumption 6.3 (see Remark 6.4) . In this situation, the universal central extension of osp 2|2 (S ⊕ S op , ex) obtained in Theorem 6.6 recovers the universal central extension of sl 2|2 (S) given in [5] . More precisely, Corollary 6.8. Let S be a unital associative superalgebra. Then
is the universal central extension of sl 2|2 (S) and
ex). Then it is obvious that R/([R, R]R) ∼ = S/([S, S]S) ⊕ S/([S, S]S)
as k-modules. Hence, the corollary follows from Theorem 6.6 and the isomorphisms
which have been proved in Proposition 3.7 and Example 2.2, respectively.
7 The universal central extension of osp 1|2 (R, − )
The universal central extension of osp m|2n (R, − ) with m, n ∈ N and (m, n) = (1, 1) has been discussed in the previous sections. For osp 1|2 (R, − ), one easily reads from Definition 3.1 that
is the Lie superalgebra generated by homogenous elements f 11 (a), g 11 (a) of degree 1 + |a| for homogenous element a ∈ R subjecting to the only relation that f 11 and g 11 are k-linear. It is not necessarily a central extension of osp 1|2 (R, − ). Instead, we will explicitly construct the universal central extension of osp 1|2 (R, − ) in this section.
Definition 7.1. Let (R, − ) be a unital associative superalgebra with superinvolution. We define the Lie superalgebra osp 1|2 (R, − ) by generators and relations: The generators of osp 1|2 (R, − ) are homogeneous v(a), w(a) of degree |a| and homogeneous f (a), g(a) of degree 1+|a| for homogenous a ∈ R. The defining relations for osp 1|2 (R, − ) are given as follows:
Observing that the elements v(a) : = e 23 (a + ), w(a) : = e 32 (a + ), (7.1) f (a) : = e 12 (a) + e 31 (ρ(ā)), g(a) : = e 21 (a) − e 13 (ρ(ā)), (7.2) of the Lie superalgebra osp 1|2 (R, − ) satisfy all relations in Definition 7.1. We obtain a canonical homomorphism of Lie superalgebras
In the especial case where (R, − ) = (S ⊕ S op , ex) with S an arbitrary unital associative superalgebra, the Lie superalgebra osp 1|2 (S ⊕ S op , ex) also recovers the Steinberg Lie superalgebra st 1|2 (S): Proposition 7.2. Let S be an arbitrary unital associative superalgebra. Then
as Lie superalgebras.
Proof. An isomorphism φ :
for a, b ∈ S. While the inverse φ
for a ∈ S.
In the sequel, we will show that ψ :
is a central extension, characterize the kernel of ψ, and construct the universal central extension of osp 1|2 (R, − ).
In order to show that ψ :
is a central extension, we need a few lemmas:
for homogeneous a, b ∈ R. Then every element x of osp 1|2 (R, − ) is written as
where the summation runs over a finite set, a i , b i , c 0 , c 1 , c 2 ∈ R, and c 3 , c 4 ∈ R + .
Proof. We first claim that osp 1|2 (R, − ) (as a k-module) is spanned by
Let g be the k-submodule of osp 1|2 (R, − ) spanned by B. Then it is directly verified that g is indeed a Lie sub-superalgebra of osp 1|2 (R, − ), containing all the generators v(a), w(a), f (a) and g(a) for a ∈ R. Hence, osp 1|2 (R, − ) = g, i.e., every element x ∈ osp 1|2 (R, − ) is written as
where the summation runs over a finite set, a i , b i , c 1 , c 2 ∈ R, and c 3 ,
We conclude that
Conversely, we have known from Lemma 2.5 that every element x ∈ osp 1|2 (R, − ) is written as
for homogeneous a i , b i , c 0 , c 1 , c 2 ∈ R and c 3 , c 4 ∈ R + . Hence, x ∈ ker ψ implies that
in osp 1|2 (R, − ). It follows that c 0 = c 1 = c 2 = 0 and c 3 +c 3 = c 4 +c 4 = 0. Since c 3 , c 4 ∈ R + and 1 2 ∈ k, we obtain that c 3 = c 4 = 0. Hence,
Hence, θ induces a k-linear mapθ :
Conversely, we consider the k-linear map
Then it is directly verified thatĨ
Moreover, we observe thatθ •θ = id on S, S c , while a ⊕ 0, 0 ⊕ b
and we conclude that HC 1 (S) is isomorphic to HD
The kernel of ψ
We have already known from Lemma 7.
We will show in addition that ker ψ can be identified with HD
Lemma 7.8. In the Lie superalgebra osp 1|2 (R, − ), the following equalities hold:
for homogeneous a, b ∈ R. We further denote
for homogeneous a, b, c ∈ R, then they satisfy the following additional equalities:
Proof. (i) λ(1, a) = 0 is trivial. In order to show λ(a, 1) = 0, we first claim that
Now, we compute that
i.e., λ(a, 1) = 0.
(ii) We calculate that
(iii) We have obtained from (i) that h(a, 1) = h(1, a). By (ii), we deduce that
This proves (iii).
(iv) For homogeneous a, b, c, d ∈ R, we consider the equality
Expanding the left and right hand sides of the above equality using the Jacobi identity and applying (ii) and (iii), we deduce that (v) We may deduce from (iv) that:
Indeed, (7.6) follows from (iv) by replacing c with c +c. Then (iv) and (7.6) together imply (7.7), which further yields (7.8) easily. Now, applying (7.6)-(7.8) to (7.5), we deduce that
(vi) We first claim that J(a, b, c), a, b, c ∈ R is contained in the center of osp 1|2 (R, − ). Indeed, it follows from (7.4) that We have to show that α is well-defined, i.e., α(e 11 (a), e 11 (b)) is independent of the expression
. This can be verified as follows:
which is independent of the expression a = i ([a i , a
Hence, α is well-defined. Furthermore, using the definition of R, R − d
, we directly verify that α is a 2-cocycle on the Lie superalgebra osp 1|2 (R, − ). The 2-cocycle α gives rise to a new Lie superalgebra
which is a central extension of osp 1|2 (R, − ) with R, R 
Hence,
which yields the injectivity of η since η( a, b
Remark 7.10. In order to prove the injectivity of η, we construct the central extension C of osp 1|2 (R, − ) via explicitly creating a 2-cocycle on osp 1|2 (R, − ). Similar techniques have been applied in the proof of Theorem 4.7. However, the method for creating the 2-cocycles on osp 1|2 (R, − ) is quite different from the methods used in Theorem 4.7. Concretely, a 2-cocycle on osp m|2n (R, − ) with (m, n) = (1, 1) has been created via restricting a 2-cocycle on gl m|2n (R, − ). The case of osp 1|2 (R, − ) is much complicated since the 2-cocycle on osp 1|2 (R, − ) that we created here does not come from the restriction of a 2-cocycle on gl 1|2 (R).
A nontrivial central extension of osp
We have shown that ψ : osp 1|2 (R, − ) → osp 1|2 (R, − ) is a central extension, but it is not necessarily universal. We will explicitly create a nontrivial central extension of osp 1|2 (R, − ). Let Proof. This is verified through direct computation. We omit the details here.
Using the 2-cocycle β, we define a new Lie superalgebra uosp 1|2 (R, − ): for homogeneous a ∈ R, wherex is an arbitrary element of ϕ −1 (x) for x ∈ osp 1|2 (R, − ). Since ϕ : E → osp 1|2 (R, − ) is a central extension, the element [x,ŷ] is independent of the choice of x ∈ ϕ −1 (x) andŷ ∈ ϕ −1 (y) for x, y ∈ osp 1|2 (R, − ).
We first show thatπ i , i = 1, 2 satisfy (7.9)-(7. Hence,π 1 (ā) =π 1 (a) sincev(a) −v(ā) ∈ ker ϕ. Similarly, we haveπ 2 (ā) =π 2 (a). We show (7.12) and (7.13) before proving (7.11) . In order to show (7.12), we first deduce that Now, we return to prove thatπ i , i = 1, 2 satisfy (7.11). Taking c = 1 in (7.13) and then applying (7.9), we obtainπ . A similar argument also shows that (7.11) holds forπ 2 . In summary, we have shown thatπ 1 andπ 2 satisfy (7.9)-(7.13). Furthermore, we directly verify thatṽ(a),w(a),f (a),g(a),π 1 (a),π 2 (a) for a ∈ R satisfy all relations in the definition of uosp 1|2 (R, − ). Hence, there is a unique homomorphism of Lie superalgebras ϕ ′ : uosp 1|2 (R,
Following Propositions 7.5, 7.9 and Theorem 7.12, we conclude that as Lie superalgebras over k, and hence ψ : osp 1|2 (R, − ) → osp 1|2 (R, − ) is a universal central extension in this situation. In particular, for every unital associative superalgebra S, uosp 1|2 (S ⊕ S op , ex) ∼ = osp 1|2 (S ⊕ S op , ex).
Proof. If 3 is invertible in R, then 3R = R, which yields that z = 0. On the other hand, we observe that (7.10) implies that π i (R − ) = 0 for i = 1, 2, while (7.13) yields that π i (R − · R − ) = 0 for i = 1, 2. Hence, z = 0 if R − + R − · R − = R. Hence, the first assertion holds. In S ⊕ S, we know that
for all a, b ∈ S. Hence, (S ⊕ S op ) − + (S ⊕ S op ) − · (S ⊕ S op ) − = S ⊕ S op , which yields the second assertion.
Remark 7.15. If R is a unital super-commutative associative superalgebra with the identity superinvolution, the Lie superalgebra uosp 1|2 (R, id) is not necessarily equal to osp 1|2 (R, id). However, we observe that I 3 = 3R in this situation. By Remark 7.6, we conclude that H 2 (osp 1|2 (k) ⊗ k R, k) ∼ = HC 1 (R) ⊕ (R/3R) ⊕ (R/3R), which coincides with the second homology group of osp 1|2 (k)⊗ k R obtained in [11] if we additionally assume that k is a filed of characteristic zero.
